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ABSTRACT 


There are many generalization of metric space. Parametric metric space is the generalization of metric space too. Which 
was introduced and studied by Hussian (a new approach to metric space) in 2014. In present paper we prove two fixed 
point theorems based on injective mapping using contraction conditions. Moreover, we provide an example to furnish our 


result and also the usability of our result. 
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INTRODUCTION 

General Introduction 

A metric on a nonempty set X is a mapping d: X x X — [0. ] satisfying the following properties: 
e d(x, y)=Olfandifx=y 


e d(x, y) = d(y, x) 
e d(x, y)< d(y, z) + d(z, y) ; then the pair (X, d) is said to be a metric spaces. 


The theory of metric spaces is the general theory which covers several branches of mathematical analysis, as real 
analysis, complex analysis, multidimensional calculus, etc. Due to which, existence and uniqueness of fixed points and 
common fixed points has become a subject of great concern. In the recent six decades many authors generalized the 
Banach contraction Principle by moderating the triangular inequality of a metric space as generalized metric space[see 
2,5,7 8,14,22 and references therein], cone metric space[see 9 references therein], b metric space[see 2,3,4,6 references 
therein ], cone b metric space[see9,10,11,14-22 references therein ], rectangular metric space [see 17 references therein ], 
cone rectangular metric space [see 12,17,18 references therein], are some of the generalizations of metric space introduced 
by different authors in past few decades. Analogue Banach contraction principle, Kannan contraction principle, Ciric 
contraction principle and lots of the existing fixed point theorems for various generalized contractions were proved in these 


generalized spaces. 


Most of the generalization of metric space are Hausdorff topology but we can also find generalization of metric 
space which are not necessarily Hausdorff topology (see, ref. [13, 19, 22,]). Tarskian mathematician used non Hausdorff 


topology for programming language semantics used in computer science. 


The purpose of this paper is to prove some fixed point theorems for contraction mapping in parametric metric 


spaces an example is also given to distinguish our results. 
PRELIMINARIES 
Proceeding to our main result, let we furnish some definition , proposition, properties & lemmas needed in sequel. 
1. Let X be a non empty set and Tp: X x X x (0, ©) — (0, ©) be a map on X such that V x, y,z € X andt >0 
e §=6Tp(x, y, t) = 0 if and only ifx =y 
¢ =6Tp(x, y, t) = Tp, x, t) 
° = Tp(x, y, t) < Tp(, z, t) + Tpt, y, 0) 
Then Tp is called parametric metric and pair (X, d) is called parametric metric space. 
e §=6If logn>~0(xn, x, t) = 0 = logn—o xn = x, for all t > 0 then sequence {xn }n=1o converses x € X 
e = If logn—-0(xn, xm, t) = 0 for all t > 0 then sequence {xn }n=10 is called Cauchy sequence. 


e If every Cauchy sequence is convergent, then parametric metric space (X, d) is a complete parametric metric 


space. 


e Let (X, d) be a parametric metric space and T: X — X be a mapping, then We say T is a continuous mapping at p 


in X, if for any sequence {xn}n=1o € X such that logn>o« xn = x >logn>0 Txn=Tx . 
Main Result 


The objective of this paper is to prove some new fixed point theorems in parametric metric space. This paper is divided in 


two sections. In Section I and II we prove theorems on parametric metric spaces 
SECTION I 
Theorem 2 


Let (X, d) be a complete parametric metric space and Tp: X — X be an injective mapping satisfying the condition 


(2.1) d(Tpx,Tpy,t) < a.d(x,y,t) + b.d(x,Tpx,t) + c.d(x,Tpy, t) + 
d a a re eee 


d{x,y}+d (x,Tpx.t) d{x, y}+d(x,Tpx,t) 


vVte[0,1);a,b,c,d,e>0;x,yEX &xF#y have a fixed point if a+b + 2c +d2+ e < | and moreover a unique 
fixed point ifa+c< 1. 


Proof 


Let x0 € X , Define iterative sequence{xn}n=10 follows: Tpxn = xn+1 for n = 1, 2, 3, .... If for some n, Tpxn = xn, then 


xn is the fixed point. OtherwiseTpxn # xn, using inequality (2.1) 


d(Xn+1, Xn+2) t) = d(T, x. TpXn+1, t) 
< a.d(Xn,Xn41t) + b.d(Xn,TpXn, t) +¢.d(Xpn, je ee t) 
r [ee Toei t). d(Xn+1, je eee 2) [He pe t). d(Xn, Aree 2) 
‘\ dG Xara, f) +(x, Tut) rs (Ca ee ee eee 


d(Xn+1,Xn+2, 6) 
< a.d(Xy,Xn41,t) + b.d (Xn, Xn+1,t) + c.d (Xp, Xn+2, €) 
d d(Xn, Xn+1 t). d(Xn+1, Xn+2) t) d(Xn, Xn+1) t). a(xy, Xn+2» t) 
: d(Xn, Xn+1 t) + d(Xn, Xn+1 t) ; d(Xn, Xn+1) t) + d(Xn, Xn+ t) 


d(Xn41Xn42,t) 
<a. d(Xn, Xn+1» t) 5 b. d(Xn, Xn+1 t) +. [d(Xn, Xn+1 t) + 16 Seep Sees t)] 
d [= Xntp t). d(Xn41 Xn+2) 2) [= Xnta t). lt ae aren 2) 
eee a a 
2.d (Xp, Xnts,t) 2.d (Xn, Xn+1€) 


d(Xn41Xn+2,C) 
= @2.d(x.,x.,,,t) +b.dG. x48) +e. dG X54.t) + dG Xt) 
d (— Xne1t).d(Xn41Xn+2) 2) (Se Xu1a,€)-0 Xe, Xue) 
2. d(Xn, Xn+1) t) 2. d(Xn, Xnt+1) t) 


d(Xn+1Xn+2,t) 
Sa. d(Xn, Xn+1 t) + b. 1 6 ae Xn+1 t) +. [d(xn, Xn+1 t) e d(Xn41, Xn+2> t)] 
d(Xn+1,Xn+2,t) O(Xq,Xn41,t) + d(Xnr1,X%n42t) 
ia i ne oii an ian 


de e 
(1 —c -5-5) Oia Xuagst) = (a +b-e+ 5) iG a ee 


(a+b+c+4) 


d 6 Aner ree t) = ~—_—, Lb aie eee t) 
i ea 


d (XpspXnegt) <k.d(XpXpept)Wt €[0,1) and k = me 
1-c—S— = 
2 2 


e < 1.Therefore by successive iteration/ we have d(xn+1, xn+2, t) < k" d(x0, x1, t) 


<1 Satb+2c+<+ 


As we know if {xn}n—>0 be a sequence in parametric space(X, d) such that d(xn+1, xn+2, t) < k d(xn, xn+1, t) 
Vte[0,l) & n= 1,2,3, ... then{xn }n—0 is a Cauchy sequence in (X, d). Since (X, d) is a complete parametric space; 


{xn} n—oo converses. Let x+ € X , then limn—oo xn — x*. Again Tp is continuous, therefore 
T,x* = Tp (limg+0 Xn) = LimMy-so TpXn = X* > Tyx* = x* 


Implies Tp has a fixed point Tpx* = x* in X. 


Now we will show that x* is unique. For that, suppose y* is another fixed point thereforeT py* = y+. Therefore by 


inequality (2.1) we have 


d(Tpx*, Tpy*, t) 
<a.d(x*,y*,t) + b.d(x*, Ye gh t) +. d(x’, Tpy*, t) 
d(x*Tpx*,t).d(y*, Tpy", t) d(x*, Tpx*,t).d(x*, T,y*, t) 
i d(x*,y*,t) + eee) are es t)+ d(x*, tony) 


d(x*,y*,t) < a.d(x*,y*,t) + b.d(x*,x*,t) +.c.d(x*, y*,t) + a.( 


a(x" 2, t).da"y*)) 
™ (ee t) + d(x*,x"*, 5) 


d(x*x*,t).d(y*,y*,t) 
d(x*,y*,t) + d(x*,x*, 5) 


d(x*, y*,t) < a.d(x*,y*,t) +c.d(x*, y’,t) 
> (1-—a-c)d(x*,y*,t) <0 
= d(x*,y",t) = 0 Since a+c<1=>x* = y*. Hence T, has a unique point. 
SECTION II 
Theorems 
Let (X, Tp) be a complete parametric metric space and Tp: X — X be an injective mapping satisfying condition 


d(x,Tpx,t)d(y,Tpy,t) d(x,Tpy,t)d(y,Tpx,t) alety=t}aleTpyt), (3. 1) 


(Tx, ri t) < a Max{d(x,y,t), eae , ead : ideas 


vte[0,1);@>0;x,yEX&x sy anda € [0,1] .then T, has a unique fixed point. 


Proof 


Let x0 € X be an arbitrary point, Define iterative sequence {xn}n=1o follows: Tpxn = xn+lfor n = 1, 2, 3, .... If for some 


n, Tpxn = xn, then xn is the fixed point. Otherwise Tpxn # xn, using inequality (3.1) 


d(Xn41,Xn+2,t) = d(TyXn, TpXn+1 t) 


d (x, ae t)d tan 1M pXn+1 t) d an 1 Anta t)d a, T Xn t) 
A(X Xnsv t) d(Xp, Xnt+1 t) 


d by, T Xn, t)d as TyXnta ‘), 
2d(Xn, Xn+1 t) 


<a Max{d(Xy,Xn+1 t), 


A(X, Xnt1,t)d(Xn41,Xnt2,t) A(X, Xn+2,t)d Xn+1,Xntv Ct) 


< 
=a Max{d(Xp, Xn+1 t), d(Xn, Xn+1 t) d(xn, Xn+1 t) 


Othe se td Ters.t) 


} 


20( 4, Fis, 8) 
G(X Xnse tO Kis Mezot) . OC, Xara, ENE(%,, Xeia bf) + Anis Xai, €)} 
< a a ee eee 
< a Max{d(Xn, Xn+41,), ie, 8) , 0, 12... 8 } 


< a Max{(d(Xp, Xn41,t), d(Xns1,Xn+2,t), 0,d(%n, Xn41,0) + A(Xn+1,Xnt2,0)} 
=d(Xn+1,Xn+2,0) < a d(Xn,Xn+1,0) 
Therefore by successive iteration 
d(Xn+1,Xnt2,t) < a” d(Xo,%X1,) 
A(Xn+1,Xnt2,t) < a” d(Xo,%X1,) 
As we know if {xn}n— 00 be a sequence in parametric space(X, d) such that d(xn+1, xn+2, t) <an d(x0, x1, t) 
Vte[0,1) &n=1,2,3, ... Then{xn}n—o is a Cauchy sequence in(X, d). Since (X, d) is a complete parametric 
space; {xn}n— 00 converses. Let x* € X , thenlimn—o xn — x*. Again Tp is continuous, therefore 
Tx* = T, (lig. Xn) = lity so TyXp = X* > Tyx* = x* 
Implies Tp has a fixed point Tpx* = x* in X. 
Now we will show that x* is unique. for that suppose y* is another fixed point therefore Tpy* = y*. Therefore by 


inequality (5.1) we have 


d(Tyx*, Tyy", t) 
| age oe ad t)d(y*,Tpy’*, t) d(x*, Tpy*, t)d(y*, Tyx’*, t) a(x" 73", t)d(x*,Tpy*,t) 


ee RO dey.) dx,y*,0) ~~ 2d y" 8) 


d(Tpx", Tpy*, t) 
< a Marfan’ yt) DOOD) Tey en) dee 
d(Tpx", Lys t) < a Max{d(x*, y*,t),0, d(x", y*,t), 0} 
d(x*,y*,t) < ad(x*, y*,t) 
=> (1-a)d(x*,y’,t) <0 
= d(x", y",t) = 0 since a > 1 > x* = y*. Hence T, has a unique point. 


Example: Let (X, d) be a complete parametric metric space, where Tp: R+ — R+ is a mapping defined as d(x, y, 


1 2; 
x, =1+- andy, =1+-. therefore 
t) = tx — y|q such that ©” n Yn n 


1 2)7 1)4 1 
A(X, Yn t) = t|X, — Yyl4 =F 1+=-1--| =t|--| =t — 


1 1 
loSn-sco A Xn» Yn, t) = lok n-rcot a" t lOgn-+co 7 0 fort>0 
= 108 n+00 d(Xn, Yn» t) md 0 
as both x, = 1 += and y, = 1 += tends to 1 as n > ©. Hence 1 is the fixed point. 


Hence it satisfies all the conditions of complete parametric metric space for t > O and of theorems [2,3]. 
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